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Abstract When minimizing the sum of a convex and a strongly convex function, or when finding the
zero of the sum of a monotone operator and a strongly monotone operator, Chambolle and Pock (2010)
and Davis and Yin (2015) proposed accelerated mechanisms that achieve an O(1/N?) convergence rate
for the squared distance to the solution, but the optimality of this rate was not established. In this work,
we present Fast Douglas—Rachford Splitting (FDR), an accelerated method that improves the constants
established in the prior works, and provide a complexity lower bound establishing that both the O(1/N?)
convergence rate and the leading-order constant of FDR’s rate are optimal.

1 Introduction
We consider the composite minimization problem
minimize f(z) + g(z) (1)
zERY

where f: R? — R U {oo} is closed, convex, and proper and g: R? — R U {oco} is closed, proper, and p-
strongly convex. When f and g are proximable, i.e., their proximal operators can be evaluated efficiently,
Douglas—Rachford splitting (DRS) [7,16]

Trt1/2 = pTOXag(Zk)
Thi1 = Prox, ;(2op11/2 — 21)

Zk+1 = 2k + Th41 — Th41/2,
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with stepsize a > 0, is a widely used solution method.
While convergence of DRS only requires g to be convex, strong convexity of g produces the rate

lzn — 24> = O(1/N).
The problem setup can be further generalized to the monotone inclusion problem

find 0e€(A+B)x (2)
z€ERY
where A is maximal monotone and B is maximal monotone and p-strongly monotone.
For a maximal monotone operator A, let

Jon = (I+aA)™?
denote its resolvent. Douglas—Rachford splitting applied to (2), with stepsize a > 0, is

Trt1/2 = Jam(21)
Thp1 = Jaa(2Tpq1/2 — 21)

Zk4+1 = 2k + Tkl — Th41/25

and attains the same O(1/N) rate under p-strong monotonicity of B.

In optimization, an acceleration is a modification of a base algorithm that improves the worst-case
convergence rate of a given performance measure. While the classical Nesterov acceleration [18] achieves
the optimal accelerated rate for function-value suboptimality, the modern theory of accelerations con-
siders a broader range of performance measures, including distance to the solution and the squared
fixed-point residual. In particular, the Chambolle—Pock [4] and Davis—Yin splitting [6] methods admit
accelerated variants—based on mechanisms distinct from Nesterov’s acceleration—that can be applied
to Problem (1) to obtain an accelerated rate of O(1/N?) for the squared distance to the optimal solution.
However, it was unknown whether this O(1/N?) rate is optimal for this problem class, or whether the
leading constants achieved by these accelerated methods are tight.

Contributions. This work presents two main contributions. First, we present an improved accelerated
algorithm for Problems (1) and (2) whose leading constant improves upon those of the accelerated
Chambolle-Pock and Davis—Yin methods by a factor of 4. Specifically, the iterates satisfy

2o — 2 1” + lluo — well®  Jlzo = 2u][® + [Juo — u.|®

2
- <
lzn = 2l < 1+ 4N2.2 ANZ,2 ’

where z, denotes an optimal solution, u, is a corresponding dual solution, xy and wg are the primal
and dual initializations respectively, p is the strong convexity parameter, and N is the iteration count.
Second, we establish a matching complexity lower bound showing that both the O(1/N?) convergence
rate and the leading-order term (||zg — 2 ||* + ||ug — u.||?)/4N?u? are optimal for this problem class.

1.1 Notation and preliminaries
Throughout, N denotes the set of natural numbers, R? the d-dimensional Euclidean space, (+,-) the
standard inner product, and | - || the induced norm.

We recall standard definitions from convex analysis and monotone operator theory [23,1,24].

A function f: R? — R U {oo} is closed if its epigraph, defined as

epi f = {(z,t) € R x R| f(x) < t},
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is a closed set. It is convex if

f0z+ (1 —0)y) <0f(x)+(1—0)f(y) VYz,ycR?and 6 € [0,1],

and proper if it never takes the value —oco and has finite value for some zo € R9.
The subdifferential of f at x is

0f(x) = {veR?| f(y) = f(z) + (v,y —x),Vy € R}

We write f/(z) € df(x) to denote a subgradient.
A function g: R? — RU {oo} is p-strongly convex if g(x) — &||z||? is convex, or equivalently, if for all
z,y € R and all v € dg(x),

1
9(y) = g(@) + (v,y = 2) + Slly — =[],

If f is closed, convex, and proper, then its subdifferential 0f is a monotone operator, which means

that
(v—w,x—y) >0 Vr,yecRY Yuedf(x), Yw e df(y).

Similarly, if g is closed, proper, and u-strongly convex, then dg is a u-strongly monotone operator,

meaning that
(v—w,z—y) > plle—ylI> Va,y € R?, Vo e dg(x), Yw € dg(y).
For a function f : R? — R U {00}, define

argmin f(z) = {z € R? | f(2) < f(z) Vz € R%}.
zeRd
For a closed, convex, and proper function f and v > 0, the proximal operator prox, s : R? — R? is
. 1 2
prox. ¢(x) = argmin ¢ f(z) + s—||z — z||
zER4 27

From the optimality conditions of this minimization problem, if y = prox, ¢(x), then

0€df(y) + %(y—w)

Equivalently,
y=x—7f"(y)
Consider the primal-dual problem pair
minimize f(z) + g(z) (P)
z€ER?
maximize — f*(—u) — g"(u) (D)
u€eRd

where f: R? — R U {oo} is closed, convex, and proper, and g : R — R U {oo} is closed, proper, and
p-strongly convex. Assume that the primal problem (P) admits a minimizer x,, which is unique by
strong convexity of g, and total duality holds. Let u, € 9g(z4) denote a corresponding dual solution to
(D). Then necessarily —u, € 0f(z4) [24].
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Lemma 1 If (2,,us) s a primal-dual solution (i.e. u, € Og(xy) and —u, € Of(xy)), then x, =
Prox, (7, + yux) and rx = prox, ¢(z, — yuy) for v > 0.

Proof We can verify the equalities by writing optimality conditions for the proximal operator

0 € dg(zy) + %(x* — (T4 + Yus))
= 09(xx) — s

Since uy € 0g(xy), the inclusion holds.

0€0f(ze) + %(a:* — (@4 —w*))
= 0f (x4) + Usy.

Since —uy € 0f(z4), the inclusion holds.

1.2 Prior accelerations

We quickly review other acceleration mechanisms that have been published in prior works. Note that
each of these acceleration mechanisms is distinct in the sense that the metric they accelerate differs.

Nesterov-type Acceleration. The classical Nesterov accelerated gradient method (NAG) reduces the function-
value suboptimality at an accelerated O(1/N?) rate [18]. In the modern literature, the Optimized Gradi-
ent Method (OGM) [10,14] improves the leading constant of NAG by a factor of 2 and attains the exact
optimal worst-case rate for this setup with an exact matching complexity lower bound [8].

In the composite minimization setup where one function is smooth and the other is proximable, NAG
can be extended to FISTA [2] and OGM to OptISTA [12]. Analogously, OptISTA is exactly optimal
for the smooth composite convex minimization setup and improves the leading constant of FISTA by a
factor of 2.

In Problem (1), however, neither function is assumed to be smooth, so Nesterov-type acceleration
does not apply directly. To clarify the distinction, suppose instead that g were L-smooth rather than
u-strongly convex. Then FISTA applied to Problem (1) is

1
Tk41 = ProXy,p, (yk - LVQ(yk)>

(FISTA)
th—1

> (Th41 — o)

Yk+1 = Tht1 T (
trt1

where
14+ 4/1+ 4ti
5 .

Fact 1 If {x} is generated by FISTA, then for any N > 1, the following bound is satisfied for any
minimizer xy [2, Theorem 4.4]

yr =21 €ERY by =1, tgyy =

T — Tk 2
ﬂﬁﬂ+g@m—f@Q—g@QggﬂLN74£
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Nesterov acceleration can be applied to the corresponding dual of (1), since the dual involves the
sum of a convex and a smooth, convex function. However, the quantity that is reduced at an accelerated
rate in this case is the dual-function-value suboptimality, and this is different from the distance to the
solution.

Halpern Acceleration. The Halpern acceleration [11], also referred to as the anchor acceleration in the
modern literature, reduces the squared fixed-point residual at an accelerated O(1/N?) rate [13,15].
Specifically, suppose T: R? — R? is a non-expansive operator. Then, the optimized Halpern method
(OHM)

1 kE+1

- a4y
Thetl = oot o AT

exhibits the rate )
4l|lxo — x4
|Ten_1—2Nn_1]? < %7
where z, € Fix T (i.e. z, = Txy).
OHM can be applied directly to Problem (1) by taking T to be the Peaceman—Rachford splitting
(PRS) operator. This algorithm is

Y1 = 2prox, ¢ (Tr) — T
1 E+1 (OHM)

The1 = g0 + m(2proxag(yk+1) — Yk+1),

where a > 0. This yields the rate
[Tprszn—1 — zn—1]> = O(1/N?),

where Tprs = (2prox,, — I) o (2prox,; — 1) is the PRS operator.
However, the quantity that is reduced at an accelerated rate in this case is the fixed-point residual
of the PRS operator, and this is different from the distance to the solution.

Chambolle—Pock—Davis—Yin Acceleration. The accelerated Chambolle and Pock method [4, Alg. 2] ap-
plied to (1) is
Up41 = U — O 2k + OkProXy o, (2 — (1/0%)uk)
Thy1 = Prox,, ,(Tx + ThUgy1) (CP)
k1 = Tt + O (T — o),

where
1

Tha1 = OkThy Okp1 = 0k /0k , 0k = NiEs

and 79,00 > 0 with 7909 < 1, and zp = z(. Similarly, the accelerated Davis—Yin method [6, Alg. 2]
applied to (1) is
ro = prox, ,(Yo)
1

Up = — (Yo — To
’Yo( )
T = prox,,  o(Ye—1 + Ye—1Uk—1) (DYS)
1
up = —— (Yr—1 + Ve—1Uk—1 — k)
V-1

Y = prOX%f(mk = VkUk),
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where 3o € R is an initialization, and the proximal stepsizes are given by

Yk

v = ———=for k=0,...,N—-1
k+1 L ” T ) ) )
where 79 € (0,00).

Fact 2 If {xy} is generated by CP with 1oo9 = 1, then for any € > 0, there exists Ny such that for all
N > Ny [4, Theorem 2],

lon — z.|* <

Lte (l»’Cox*ll2 n ||u0u*||2>’

N2 1272 112

where x4 is the minimizer of Problem (1) and u. € 0g(x,), equivalently —u, € 0f(x,), is a corresponding
dual solution.

Fact 3 If {z)} is generated by DYS and z, is the minimizer of Problem (1), then ||z y —x4||> = O(1/N?)
[6, Theorem 1.2].

Conceptually, our method in Section 2 can be viewed as a Chambolle-Pock-Davis—Yin-type acceler-
ation, but further refined to achieve the optimal constant in the leading order term.

2 Fast Douglas—Rachford Splitting

We now present Fast Douglas—Rachford Splitting (FDR):

Wo = Zo — NoUo

Ykt+1 = prox,, . (2x) — wy)
FDR)
Wha1 = (1 + 77k+1> ki1 — (Ukﬂ) (2% _ wk) (
Nk Nk

Th+1 = PIOXy, o f (wk'H)

for k=0,...,N — 1, where N € N is a pre-specified total iteration count, zg,uy € R? are respectively
primal and dual starting points, and the proximal stepsizes are given by

2N p

:m fork:O,...,N.

Nk

In Section 2.1, we establish the following convergence guarantee for FDR.

Theorem 1 Let N > 1 and let f: R? — RU{oo} be closed, convex, and proper, and g: R? — R U {oc}
be closed, proper, and p-strongly conver with p > 0. Assume that a primal solution x, € argmin(f + g)
and a dual solution u, satisfying u, € 9g(xy), —us € Of (x4) exist. Then, the iterates generated by FDR
satisfy the rate

2o — @]l + lluo — ua|?
1+ 4N2p2

lon — z.f* <
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Discussion. For FDR, the total number of iterations N must be specified a priori, as the proximal step-
size sequence {Uk}iv:o explicitly depends on N. Additionally, Theorem 1 provides a guarantee on the
final iterate, x. Both properties are shared by exact optimal methods such as OGM and OptISTA.

We observe that if the step-sizes are constant (g = 71 = -+ = nn), our algorithm reduces to
Peaceman—Rachford splitting up to our choice of initialization [22].

Moreover, as N,k — oo the ratio ng11/mx — 1, so the later FDR iterations resemble Peaceman—
Rachford splitting with varying, decreasing proximal stepsizes.

Theorem 1 shows that FDR improves the leading asymptotic constant of the accelerated Chambolle—
Pock and Davis—Yin methods by a factor of four. Details are provided in Appendix A.

2.1 Proof of Theorem 1

We establish the convergence rate of FDR with a Lyapunov analysis, which is a widely used proof
template in the analysis of first-order methods [12,14,20,21]. For notational simplicity, define

R? = |lwo — 2ul|* + [luo — u. .
Specifically, define
Vo1 =vR? —v?| = 2Np(wo — y) + (ug — ) |?
Vo = VP& + 2N pu, — g — 2N g ||
Vi = V2||(1 + 4kNp?)z, + 2Npuy, — (1 + 4kNp?) 2z, — wi)||* VE=1,...,N —1
Vn = oy — | + 4N 1202 Jue + f'(2w) |
where zj, and wy, are generated by (FDR), f/'(zn) = (wny — zn) /1N, and

1
YTl ANz

Once we establish that the Lyapunov sequence is dissipative, i.e., that
VN SVnva < SV SV < Vg,
it follows immediately that

2o — zll? + [luo — ua])?
1+ 4N2p2 ’

oy — 2] <Vy <+ <V <vR? =

which implies the stated rate

2o — 2 |” + lluo — u.|®

2
||£L'N*CL'*|| < 1+4N2M2

It remains to show that the Lyapunov sequence is non-increasing.
Case 1: Vg < V_;
Vo — Vo1 = V3||2s + 2Npuy — 29 — 2N pug||* — vR?* + V2| — 2N p(z0 — ) + (uo — ) ||?
= V2|2, — w0 + 2N p(us — uo)|* + V212N (. — wo) + (uo — w.)||* — vR?
= V2 [(1 4+ ANZ2) g — 2l + (1 + AN?122) g — u.]|?] — vR?
= v([lwo = zl|* + Jluo — us* — R?)
=0
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Case 2: V1 <V, for N > 2

First, we will give some formulas and definitions.

lall* = 1b]* = {a +b,a = b) (3a)
0 =1+ 4Ny (3b)
£2m1 = o (3¢)
g () = DT 0 (3d)
Mo
Fla) = =—= (3¢)
m
Fla) g/ () = D02 (31
2o(1+ 2)pu = 2% -1 (3g)
Vi — Vo = V2|22, + 2N pu, — 2221 — w1)||? — |24 + 2N puy — x0 — 2N pagl|?]
= V[ 22s + nous — 21— m [ (21))]|* -
|2+ + nous — (y1 + 109" (11))]1?] > using (3d) and (3e)
= V2 [(Qu, + nouy — Qa1 + Q1 f'(21) + 24 + notes — y1 — n0g’ (1),
s + nous — Rx1 + 201 f'(21) — 2o — Motus + 41 + 109 (11))] > using (3a)
=12 (1 + )z — y1 — Qw1 + 2n0us + 201 f' (1) — 109" (1),
(=14 2)zy +y1 — Qa1+ 2 f'(21) + 009’ (11))]
=V [{(1+ 22y —y1 — Q1 + 2n0us +10(f' (1) — ¢'(11)),
(=14 2)a, +y1 — 221 + (y1 — 21)92)] > using (3c) and (3f)
=V’ [{(1+ )z —y1 — Qa1+ 2nous +10(f'(21) — g'(91)), (1 + 2) (11 — 24) +202(20 — 71))]
= V(1 + 2)(y1 — z0), (1 + Q) — y1 — Q1+ 200us + 770( "(z1) — ¢'(1)))+
<29($*—931> (14 )z — 1 —QJC1+2770U*+770(f (21 1))l
V(L4 2) (1 — o), (1 + Q)xw —y1 — 221 + 2770U* (y1 —21)2 — 209" (y1))+
(2.(2(3@* —z1), 1+ e — 11 — a1 + 2770u* +2nof' (1) — (y1 — 21)92)] > using (3f)

=2 [(y1 — xy, (1 4+ )22, + (22 — Dy — 2021 + Q)1 + 2n0(1 + 2)(uy — g'(11)))+
(T — 21,20(1 + Q)2 — 202(1 + 2)y1 + 402 (ux + f'(21)))]

=y — 2o, (14 )%z, + (2° — D)yr — 20201 + ), + 200 (1 + 2) (us — ¢'(11)))+
(2o — x1,41002(us + f'(21)))]

= 2[(y1 — @0, (22 = D)1 — 22) + 2001+ 2)(us = g'(91))) — 410922 — @1, s — f'(21))]

=12 {2n0(1 + 2)[—(y1 — s, 9" (1) — ws) + pllyr — 2 |?] — o2y — 21, —up — f'(21))}

<0,

where the final inequality holds by monotonicity of 9 f, u-strong monotonicity of dg, since —uy € 9f(zy),

and because 2n(1 + £2) > 0 and 4782 > 0.
Case 3: Vpy1 <Vp Vk=1,...,N -2

First we will give some important formulas and definitions.
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2T — Wy —

o () = —H— (4a)
w — T
Jae) = =5 = (4b)
Ay =1+ 4kNy? (4c)
Apy1 =1+ 4(k+1)Np? (4d)
Ny = Npr1k41 = 2Np (4e)
/ / (ykJrl - $k+1)Ak+1

T (@rg1) + 9" (Yrs1) SN (4f)

Vir1 = Vi = V(| Agre + 2N puy — Apy1 2xp41 — wierr)|?

— | Apy + 2N pu, — A2z, — wy)||?]

= V[ App12s + 2N pus — Appa (@1 — i [/ (2) |12

— | Apzy 4+ 2N pny — Ap(yrs1 + 09’ (Yer1)|?] > from (4a) and (4b)

= V[((Aks1 + Ap)as + AN puy — Aggr (w1 — i f(@h41)) — A (Wrrr + 109’ (Yrr1)),
(Ak+1 = Ap) 2w = A1 (@1 = 1 f (Th41)) + Ae(Yrr1 + 69’ (Ye+1)))] & from (3a)
=V [(Aps1 (@4 — Trg1) + D@ — Yrgr) + ANt + A1 i1 ' (@r11) — Aemieg’ (Yr)s
A (e = 2p1) = Dk(@s = Yrr1) + Do s f/ (@r1) + Aemeg’ (Yrs1))]

= V2[A 1 los — 2| — Afllee — yrga |12+ 24541 (0 — Trgr, e S (@41))

+ 248 (2 = Y1 Mg (Y1) + Db 1 @) |12 = ARl g (e 1P

+ AN p, A1 (T — Tpg1) — Ae(@e = Yoor1) + Dprisr f(@41) + Aemig’ (Y1)

= [z — Tpg1, 247 1M1 f (Thg1) + 4Dk 1 Npy + A7 (20 — r41))

+ (2 = Ykt1, 24809 (Y1) — 44k N p, — AZ (4 — Yiy1))

+ANZ 2 2uy + [ (wr11) = ¢ (1), F1(@rp1) + 9/ (grr))] & from (de)

= V2 [(2x = Trr1, 248 i [ (@r41) + 4Ap i Npus + A7 (4 — 2p41))

+ (T = Ybt1, 248009 (Y1) — 4ARN puy — Af (24 — yi1))

+ 2N p A1 (2us + [ (Tr41) — 9" Wkt1)s Ykt 1 — Trg1)] > from (4f)

= V?[(y — Thor1, 6N A1 pof (Th11) + 8N Apprpus — 2N Ag 109’ (ypeg1)+

A (@0 = 2pg1)) + (0 = Yrr1, 2Np2A, + Apg1)g (k1) — ANp(Ag + Apyr)us

— 2N A1 f (xps1) — A2 (24 — Yrg1))] > from (4e)

= V({2 = 2141, BN A po( ' (1) + ua) + Af 1 (T4 = Yiegr))

+ (@x = Yt 1, AN (A + Apg1)g (Yrr1) — ANp(Ag + A1)t + (Trgr — Yos1)Af

— Ai (s — Yk11))] > from (4f)

= V=8N Ap 1 pp(@rir — T, f(Thp1) + w)

+ (20 = Y1, ANp( Ak + A1) (9 (Wrr1) = w) + (AF 1 = A7) (@4 = Yrs1))]

=V {8NAp 1 pp(@pi1 — T, [ (Thp1) + ws)

FAN (A + A1) [~ (@0 = Yrrs e — 0" (k1)) + pllze =y |71}
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<0

where the final inequality holds by monotonicity of 9 f, u-strong monotonicity of dg, since —u, € 9f(xy),
and because the coefficients 8N Ay 14 and 4N pu(Ay + Ag41) are non-negative.

Case 4: Vy < Vn_1 (including the case V3 <V, when N = 1)

First, we will give some formulas and definitions.

2TN_1 —WN_1 — YN

g'(yn) = o (5a)

fllon) = == (5b)

An_1=1+4(N —1)Ny? (5¢)

An =14 4N?1? (5d)

An-1nn—1=Annn =2Np (5e)
—zn)A

Flan) 4o () = P IS (51

VN = Vno1 = oy — a|? + AN 202 ue + f' (2 )12 = V2| AN 12y + 2N puy — Ay 1 (228 1 — wn 1) |12
= [l — 2o]® + AN 122 Jus + f'(@n) P = VP An—1@s + 2N pu, — A (yn + nv-19' (yn))|IP
= [l — @]® + AN 122wy + ' (@n) P = VP An—a (e — yn) + 2Np(ue — g’ (yw)) P & from (5¢)
= len — a|? + VP @Np(ue + f'(2n) + An-1 (20 — yn) + 2Np(us — ¢’ (yn),
2N p(us + f'(zNn)) — An—1(2% —yn) — 2N p(us — g’ (yn))) > from (3a)
= [len — 2 ]® + v @Np(us + f'(zn)) + A1 (2 — yn) + 2N p(us — g’ (yn)),

(yv —zN)AN — An_1(ze — yn)) > from (5f)

= [len = 2]® + v 2N p(us + f'(zn)) + A1 (2 — yn) + 2Np(us — ¢’ (yn)),

(An_1+ AN)(yny — z4) — An(zny — 24)) > add and subtract Ayxx,

= V22N pu(uy + f'(2n)) = Av—1(yn — 22) + 2Np(us — ¢'(yn)); (Anv—1 + An) (yn — )+

VA =An(en — 22) + 2Np(uys + f'(2n) = Av1(yn — 24) + 2Np(ue — g'(yn), —An (e — 2.))
= V22N pu, + (yn — o) AN = 2Npg'(yn) — Anv—1(yn — 24) + 2Np(ue — ¢'(yn)),

(An—1+ AN)(yn — 22)) + V(= An(zn — 24) + 2Np(us + f/(2n)) — A1 (yn — 20)+

2N puy + 2N pf (xn) + (xn — yn) AN, —An(TNn — ) > from (5f)

= V(AN p(us — g'(yn)) + (A — Av1)(Yn — 22) + (2 — 28) AN, (A1 + An) (v — 20)+
VANp(u, + f'(2n)) = (A + Av1)(yn — 24), —An(zn — 24))

= V(AN p(us — g'(yn)) + (An — An—1)(yn — 24), (An—1 + An)(yn — 24))+

VAN p(u, + f'(2n)), —An(en — 24))

= 8Np(1+ 2N (2N — 1)) (=(g' (yn) — wer yn — ) + pillyn — 2]+

ANpv(=(f"(zn) + te, N — 24))

<0

where the final inequality holds by monotonicity of 9 f, u-strong monotonicity of dg, since —u, € 9f(xy),
and because 8N (1 + 2N (2N — 1)p?)v? > 0 and 4Npuv > 0.
O
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3 Matching lower bound

In this section, we present a complexity lower bound that matches the O(1/N?) rate and its leading
constant of Theorem 1.

We follow a standard approach: we first construct a pair of worst-case functions for the class of
methods satisfying the proximal span condition, and then apply a resisting oracle technique to extend
the lower bound to apply to all deterministic algorithms.

3.1 Proximal span condition

Intuitively, for first-order methods, the span condition is defined by requiring that each iterate belongs
to the span of the previous iterates and the associated first-order information. This notion has been
formalized in various forms in prior works [17,3,8,19,9,21,12].

In our particular setting, we consider composite problems accessed through proximal oracles. Before
giving the formal definition in Section 3.3, we use the term deterministic N-step prox-prox method
informally to refer to any deterministic algorithm that makes a total of 2N proximal oracle calls, each
call being to either f or g, and then outputs a point xy. Since the method has access to two starting
points, namely zg and ug, the corresponding proximal span condition can be stated as below for fixed
iteration count N > 0. Specifically, for fixed (g, uq), we say a trajectory or a sequence

2N-1

{(%52‘»%)}2-:0 ) OUN}
satisfies the proximal span condition if

0; € {0,1} fori=0,...,2N —1,
20 € o + span{ug }

4, — {ziprox,ﬁf(zi) for some v; > 0, if §; = 0, fori=0,.... 9N —1,

zi — prox%_g(zi) for some ~; > 0, if §; =1,
z; € xo + span{ug, do, ..., di—1} fori=1,...,2N —1,

TN € xo + span{ug, do, ..., doN—1}
and we say a method satisfies the proximal span condition if the trajectory {(zi,éi,'yi)}?ivofl, xN}
produced by the first-order deterministic method satisfies the proximal span condition for any starting
point (xq, ug).

To clarify, we make no assumption on either the order of the proximal oracle evaluations or which
function is queried at each step. We only assume that the total number of proximal oracle evaluations is
2N.

Under the proximal span condition, we establish the following lower bound.

Theorem 2 Fir a positive integer N and let p > 0. For any initial pair (zg,ug) € R2VFT2 x R2N+2)
there exist a closed, proper, and convex function f: R*N*2 — RU {0}, a closed, proper, and u-strongly
convex function g: R*V+2 — RU {0}, x, € argmin(f + g), and u, € dg(z,) with —u, € Of(z,) such
that the following holds:

For every deterministic N -step proz-prox method satisfying the proximal span condition, if xn denotes
its final output when run from (xg,up) on the pair (f,g), then

2o — 2 |” + lluo — u.|®

2
— T, >
lew =™ 2 = Ne e + ava




12 Chari, Jang, Ryu, and Agikmesge

3.2 Proof of Theorem 2

We now construct a worst-case instance for first-order deterministic prox-prox methods satisfying the
proximal span condition. Throughout this subsection, the starting pair (zo, ug) is given and fixed.
Fix N € N and g > 0. Choose an orthonormal set of vectors

€_-1,€0,€1,...,€E2N

of R2NV+2 such that ug € span{e_1}. Let t € R? such that
2N
t:= Ztiei S Rd.
i=0
where t; > 0 for 0 < ¢ < 2N. We define two closed convex sets by

Ct = {y S R2N+2 Y1 = 07 Yo = tOv (ka—laka) € [(030)7 (tQk—17t2k)]7 k= 1a < '7N}7

and
Dt = {y S R2N+2 Y1 = 07 (92k7y2k+1) S [(070)7 (t2k7t2k+1)]7 k= 07 .. '7N - 1})

where y; is shorthand for (y,e;) for —1 < i < 2N and [(0,0), (a,b)] is the line segment with endpoints
(0,0) and (a,b). We then define closed, proper, and p-strongly convex g

9(@) = Sz — ol + (uo, & = 0) + Gy (),
and closed, proper, and convex (possibly non-smooth) f as
f(z) == —(uo,z — 20) + dzo+D, (T).
Then minimizing f + ¢ is equivalent to minimizing
o2
-

over (zg + Cy) N (zg + D). Because
CiNDy={yeR* 2.y | =0,y; =t; for 0 <i < 2N},

we have
(o + Cy) N (a0 + Dy) = {0 +y ERNT2 .y =0,y =t; for0<i< 2N}.
Hence z, := x¢ + t is the unique minimizer of f + g.
Moreover, the proximal mappings admit the explicit representations

proxvf(xo +y) =xo + Ip,(y + yuo),

and

Y —uo
prox.,,(zo +y) = zo + Ilc, <1+’W> )

where IIp, and I, denote the Euclidean projections onto D; and C}, respectively.
For k = —1,0,...,2N, define
Sk :=span{e_1,€q,..., €k}, S_1 :=span{e_;}.

The sets Cy and D, are arranged so that the two proximal operators reveal coordinates one at a time. We
will refer to this as the prozimal zero-chain property, and the next lemma formalizes this construction.
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Lemma 2 For every v > 0 and every k = —1,0,...,2N — 1,
yesS, — prOX,Yf(xo—l—y)=$0+HDt(y+’YUo) € xo + Sk+t1,

and
Y — Yuo
T+yu

Proof Both Cy and D, are Cartesian products of one-dimensional and two-dimensional blocks, and hence
their Euclidean projections act blockwise. Since ug € span{e_;} and both C; and D; impose the con-
straint z_; = 0, the shift by £vyug only affects the e_;-component and does not reveal any new coordinate.
Therefore, if y € Sk, then after projecting onto either C; or D,, at most the next coordinate ex;; can
become nonzero. This proves the claim. a

yesSy — proxvg(xo+y):a:o+ﬂct( >€$o+5k+1-

This lemma shows that if y € Sy, then

(zo +y) — prox, (o +y) € Sk+1

because each proximal evaluation reveals at most one new coordinate. Consequently, for any prox-prox
method satisfying the proximal span condition, the final output x generated after at most 2/NV proximal
evaluations must belong to

xo + Son—1.

Since
2N
$*—$0:t: E tiei
=0

has a nonzero esn-component, we obtain

inf — x| =t3y > 0.
yexolfsw_l |y — 24| 2N

Thus, after at most 2N proximal oracle calls, no method satisfying the proximal span condition can
guarantee an error smaller than ¢3,, on this instance. The next lemma rewrites the optimality conditions
at the endpoint x, = x¢ + ¢ in blockwise form.

Lemma 3 Let
2N

Ty =To+1 =120 +Zti6i,
=0
and let

2N
G = Zgiei € R?
i=0
where g; € R for 0 <1 < 2N. Assume that

g« €Ept+ Ne,(t)  and  —g. € Np,(b).

Then, with
Uy 1= U + G,
we have
Uy € 0g(24), —Uy € Of (4).

Moreover, the above inclusions on g, are equivalent to the blockwise inequalities
(92k41 — Mtars1, Garte — Mlorg2) - (tars1, tong2) > 0, k=0,...,N—1,

(92k, g2r+1) - (tok, tany1) <0, k=0,...,N—1,
and gon = 0.
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Proof Recall that
9(@) = Sl = 20| + (0, = 20) + bapc, (),

and
f(x) = =(uo,x — x0) + 62910, (7).
Since z, = xo + t, we have
9g(xs) = (s — o) + to + Nayr, (24) = pt + uo + N, (1),

where we used the translation rule

Nrg—i—Ct (mo + t) = th (t)

Hence, if
g« € put + N, (1),
then
Uy := Ug + gx € Og(x).
Similarly,

0f(x+) = —uo + Nuyyp,(24) = —uo + Np, (1),

and therefore
—gx € Np,(t) = —u, = —(up+ gx) € Of(xx).

It remains to characterize the normal cone conditions explicitly. Since C; is the Cartesian product of
the singleton constraint zy = tg, the constraint z_; = 0, and the line segments

[(0,0), (tar—1, tar)]; k=1,...,N,

its normal cone at t is the product of the corresponding blockwise normal cones. The equality constraints
fixing the coordinates —1 and 0 contribute the full normal spaces in those coordinates, and hence impose
no restrictions on the corresponding components of a normal vector. Thus, only the two-dimensional
segment blocks need to be considered. For a segment

[(0,0), (a, b)],
the normal cone at the endpoint (a,b) is {w € R? : w - (a,b) > 0}. Applying this with
w = (gor+1 — Plars1, Gort2 — Htagr2)
gives
(92k+1 — ptoky1, Gort2 — ptoky2) - (tokt1, tart2) > 0, k=0,...,N -1
Likewise, D; is the product of the segment blocks
[(070)7(t2k7t2k+1)]7 k:()?aN* 1a

together with the constraint z_; = 0. Therefore,

—g« € Np, (t)

is equivalent to
(92k, gort1) - (tan, tary1) <0, k=0,...,N—1.

Finally, D, leaves the coordinate 2N free and hence its normal component there must vanish. So, gony = 0
and this proves the result. ]
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We now choose the coefficients of ¢t and g, so that every blockwise inequality is satisfied with equality
under the normalization
o — 2 |* + fluo — u|* = 1.

Lemma 4 Define

ok = \/(1+2NM)(1+215M)(1+(2/<+1)u)’ k=0,...N-1,
§k+1=\/ a ., k=0,...,N—1,
(1+2Nu)(1 + (2k + D) (1 + (2k + 2)p)

tx :;
N 4 oNy

and

9o = — (L + 2kp)ts,, Gy = (L+ (2k + 2)p)t5 44, k=0,...,N—1,
with

gan = 0.
Then the pair

oN 2N
* *
t= E t;e;, gx = E g; €i
i=0 i=0

with
,’E*:{L‘()-i-t, ’LL*:U0+9*
satisfies
2N 2N
2o — 2l + lluo — well® =D () + > (g7)* =1,
i=0 i=0
(Boks1 — HEpi1s Gopyo — Hbogya) - (Bogi1stopin) =0, k=0,...,N -1,

(95%> Goks1) - (L3ps topqr) =0, k=0,...,N—1,
so that uy € 0g(xy), —us € Of(x4), and therefore x, € argmin(f + g).

Proof We first verify the inequalities.
For each £k =0,..., N — 2, we have

Gop1 — Mg = (1+ 2k + Dp)tsy 1,
and
Gopra — Moo = —(1L+ (2k + 3)p)t54 1 o-
Therefore,
(931 — Moki1s Gokta — Mogyo) - (Eapi1s topia)
= (1+ 2k + 1)) (t5511)* — (1 + (2k + 3)p) (t510)°
By the definition of #5; , | and t3; o,

J7
(1+2Np)(1+ 2k +2)p)’

(1+ 2k + 1)) (t341)* =
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and 4
1+ (2k+3 Spio)? = .
Hence
(9ok41 — Hogy1s Gopyo — Mbdgya) - (Bogy1s tagye) = 0.
For k=N -1,
N1 — ity = (1+ 2N = Du)tiy_q, goN — Htiy = —ptsN.
Therefore,
(93n—1 — Mtin_1, Gan — HE5N) - (Ban—1,t5N)
= (142N = Dp)(t5x_1)* — pltsy)*.
Now
(t* )2 — 1% _ M
N1 (1+2Np)(1+ (2N —D)p)(1 +2Np) (1 + (2N — D)) (1 +2Np)?’
S0
(14 2N = Dp)(thy 1)* = by
- (14+2Np)?
Also,
(t50)* = g
2N (1+2Np)?’
Hence

(14 2N = D) (tsn_1)* = p(tsy)?,
and therefore
(93n—1 — 1lin_1, Gon — ptin) - ((in_1,t5n) = 0.
Thus,
(9341 — H3k41s> Gonra — Mopya) - (Bg1s topq) = 0, k=0,...,N -1

Similarly, for each K =0,...,N — 1,
(93 1)~ (Lo tpgn) = —(1+ 2kp) (t3,)% + (1 + (2K + 2)p) (81,41)*.

Again, by the definitions,

I

U+ 2k)(3)° = o T @k T D)

and
1

(1+2Np)(1+ 2k + 1))

(1+ (2k +2)p)(t341)* =

Therefore,

(95%> 93k41) * (Eops togn) = 0, k=0,...,N—1
Thus, all block inequalities are satisfied with equality. It remains to verify the normalization constraint.
For each j =0,...,2N — 1,

()2 1 _ 1 (1 - 1 >
! (I+2Np) A +jp)(1+ G+ Dp)  1+2Np \1+jp 1+ (G+Du)’
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Hence

2N -1 2N —1
> 67 - i & (i o)~ s (- 1)
— 1+2Nu = 1+jp 1+G+1u 1+2Nu 1+2Np /)’

Jj=

Adding (t55)? yz yields

_ 1
— (142Np
2N

1
)= ————.
jgo(j) 14+2Nu

Next, for each k =0,..., N — 1,

(1 + 2kp)

(930)7 = (L4 200 (05" = o @k 7 D)

and
* 2 2 (4% 2 p(1+ (2k 4+ 2)p)
=1+ 2k+2 t = .
Therefore,
* \2 * 2 _ H 1+2k/’6 1+(2k+2)u
(920)" + (92600)” = 7558, (1 F@k+Dp 1+ (2k+ 1)
B B2+ (@k+2)p  2p
C14+2Np 1+ (2k+1Dp 14+2Np
Summing over kK =0,..., N — 1 and using g5, = 0, we obtain
2N N-1
2N p
*\2 * \2 * 2
D050 = D (950" + 6hn)?) = T
7=0 k=0
Combining the two identities gives
2N 2N
1 2N
t)? )2 = =1
Z( ) +Z(gﬂ) 1+2N; 142N
7=0 7=0
Together with the fact that
lox —walf > ity = ()
and
Ll mlP 4 o
2N (1+2Np)? 1+4N2p2 + 4Ny
we obtain

[0 — 24|* + [luo — us?
1+4N22 + 4Ny

o — @* >

This proves Theorem 2.
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3.3 Extension using the resisting oracle technique

Next, using the so-called resisting oracle technique, we extend the result of Theorem 2 to all deterministic
N-step prox-prox methods. First, we make a formal definition.

Let N > 0 be a positive integer. A deterministic N-step prox-prox method A is a mapping from an
initial pair (zg,up) and a tuple of functions (f,g) to a sequence of outputs

2N-1
A((Io,UO),(f7g)) = {{(zhaia’}/i)}izo ) IN},

where §; € {0,1} and v; > 0 for ¢ = 0,...,2N — 1. For clarity, we call {z }o<;<on—1 the query points

and zy the final output. Moreover, A requires that the output sequence depends on (f, g) only through

(z0,up), previous query points, and previous proximal oracle calls. More precisely, letting

%:{mmmmxaﬁw’ i=0,...,2N -1,
prox, (), 6; =1,

there exist deterministic maps Ay, ..., Aoy such that

(Z()a 50770) = AO(£O7’U/0)7

(Zia§i7’7i) = A"L ((CI)O,UO), {(Zj75j7’73ayj)};;%))7 1= 17 .. a2N - 17

and
TN = A2N(($0,Uo), {(25,05,75,95) ?50_1)-

With this definition, we are now ready to formally state the more general lower bound.

Theorem 3 Fix a positive integer N and let n > 0. Let d > 4N + 4. For every deterministic N -step
proz-prox method A on R? and every initial pair (zo,ug) € R x RY, there exist a closed, proper, and
convez function f: R? — RU{oc} and a closed, proper, and pi-strongly convex function g: R — RU{oo},
together with x, € argmin(f + g) and u, € 0g(x,) with —u, € Of (xy), such that, if xn denotes the final
output of A when run from (xo,ug) on (f,g), then

2o — 24|” + lluo — u.|®

2
— T, >
ey === =5 Ne e v,

Theorem 3 extends Theorem 2 from methods satisfying the proximal span condition to all determinis-
tic N-step prox-prox methods, using the resisting-oracle technique. To do this, we introduce a proz-prox
zero-respecting condition. It is closely related to the proximal span condition and may in fact be somewhat
redundant here, but we include it for clarity of exposition.

Let f,g:RY — RU{oc}, and let

2N—-1

HGioim) )y s N}
be a sequence with §; € {0,1} and ; > 0 for i =0,...,2N — 1. Define, for each i =0,...,2N — 1,
- Zi — prox., ;(%;), 9; =0,
22' — prOX’yig(gi)’ 51 =1.

We say that the trajectory
- 2N—-1 .
{{(zi75i>'7i)}i:0 ) CCN}
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is proz-prox zero-respecting with respect to (f,g) if

i—1
supp(z;) C U supp(dy), 1=0,...,2N -1
k=0

and
2N—1

supp(in) € | supp(dy).
k=0

where the support is taken with respect to the fixed orthonormal basis with the convention supp() = &.

The next lemma formalizes that, for functions (f, g) constructed in Theorem 2, the zero-respecting
condition is enough to recover the proximal span condition with (zg,ug) = (0,0). The key idea is that
proximal residuals can reveal new coordinates only consecutively, one at a time. All supports below are
taken with respect to the orthonormal coordinates e_1,eg,...,ean used in the construction of (f,g) in
Section 3.2.

Lemma 5 Let f,g: R?N*2  RU {oo} be the functions defined in Theorem 2. Let

2N—-1

{Gi0u7)}—y N}
be proz-prox zero-respecting with respect to (f,g), and define

5; =0,

’ i=0,...,2N —1.
) 51':1)

i = Z; — prox.,. ;(%)
Z; — prox,, (%)
Then {(Zi,éi,'yi)}?ivofl, fN} satisfies the prozimal span condition with initial pair (zg,up) = (0,0),
namely,
% € span{dy, ..., d;i_1}, i=0,...,2N —1,
IN € span{czo, cee JQN,l}.

Consequently, the proof of Theorem 2 applies to every prox-proz zero-respecting trajectory with (xo,ug) =
(0,0).

Proof For notational simplicity, define
E_, :={0}, E,, :=span{eg,...,en}, m=0,...,2N — 1.
We prove by induction on k =0,...,2N — 1 that there exists my, € {—1,0,...,k} such that
span{do,...,dp} = Ep, .
For k = 0, the zero-respecting property gives
supp(Zo) C &,
so Zo = 0. Hence, by the prox-zero-chain property,
dy € span{eg}.

Therefore span{dy} is either {0} or span{eg}, so the claim holds with mg = —1 or mg = 0. Now suppose
the claim holds for k — 1, namely,

Span{do, s 7d~k71} = Emk-—l'
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Then

k-1
U Supp(di) - {07 s amk—l}-
=0

Here, we use the convention {0,...,—1} = & when my_; = —1. Since the trajectory is prox-prox
zero-respecting,

k—1
supp(Z) € | J supp(dy),
1=0

and thus

Z, € span{eg, ..., em._} = Em,_,-
Applying the prox-zero-chain property, we obtain

dy € span{eo, - .., €my_1s Cmp_1+1-

Therefore
span{dy, .. .,dy}
is either
span{eg,...,em,_,+ = Em,_, or span{eg,...,€m,_,+1} = Em,_,+1-

Thus by induction, for each £k =0,...,2N — 1,

k—1
U supp(di) € {0,...,my—1},
1=0

so the zero-respecting property implies

Z € span{eg,...,em,_,} = span{cio, ce, Jk_l}.

Likewise,
aN-1 )
supp(in) € | J supp(di) € {0,...,man_1},
i=0
and therefore
iy € span{eq, ..., em,y .} = span{do,...,dan_1}.

This proves that the trajectory satisfies the proximal span condition with initial pair (zo, up) = (0,0). O
We now turn to the lifting construction used in the resisting-oracle argument.

Lemma 6 Let U € RY*? have orthonormal columns with d' > d. For any vectors o, Uy € ]Rd/, if
f: R — RU{oc} is a closed, proper, and convex function, then fir : RY — RU {oo} defined by

fo(@) == f(UT(z — x0)) — (uo, x — m0)

is a convex, closed, and proper function.



Optimal Acceleration for Proximal Minimization of the Sum of Convex and Strongly Convex Functions 21

Proof Since the mapping x + U (x — ) is affine and f is convex, closed, and proper, the composition
e f(UT(z— 20))
is convex, closed, and proper. Moreover, the function
x = —(ug,r — xo)
is affine and finite-valued on RY. Therefore,
fu(x) = (U (z = x0)) — (uo, = — o)

is the sum of a proper, closed, convex function and an affine function. Hence fy; is proper, closed, and
convex. O

Lemma 7 Let U € R¥*? have orthonormal columns with d' > d. For any vectors xg,ug € R, if
g: R4 — RU{oo} is closed, proper, and p-strongly convez, then the function gy : R — RU{oco} defined
by

gu(z) = g(UT (z — 20)) + (ug, x — x0) + %HP(x — 20)]?, P=1-UUT,

is p-strongly convex.
Proof Fix z,y € R and let v € Ogy (z) be arbitrary and write it uniquely as
v=Us+ug+ pP(x —x0)

where s € 8g(UT(x - xo)). Since g is p-strongly convex, we have
9(UT (g —20) 2 (U (2= 20)) + (3, UT(y—2)) + LU (g — )|

Also,
<U07y - $0> = <U0,JI - 330) + <U07?J - $>,
and i u u
LIP(y = 20)|2 = S IP@ = 20)| + Pl = 20),y — ) + 1 Py — o)
Adding these identities and inequalities yields

gu(y) = gu(x) + (Us +ug + pP(x — x0), y — T)
m 1
+ 5||UT(1/ —z)|* + SIPy -~ )|,

Since
Uy = 2)|* + |1P(y — )| = lly — =%,
we obtain
90(y) 2 gu (@) + (Us +uo + uP(e — 20), y — x) + Ely — o]
1
= gu(@) + (v, y = 2) + Slly — =[],
Therefore gy is p-strongly convex. a

From now on, U € R4 %4 has orthonormal columns, xg,ug are fixed, and fy and gy are defined as
in the previous two lemmas. Next, we derive explicit formulas for the proximal mappings of the lifted
functions.
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Lemma 8 For every z € RY and every v > 0, assume that U ug = 0. Write
2:=U"(z - x0), p. = P(z — xg),
where P:= 1 —UU". Then
prox, s, (2) = xo + U prox, ¢(2) + p. + yuo,

and therefore
z —prox, s, (2) = U(Z — prox. ;(2)) — yuo.
In particular,
U’ (z— prox, s (2)) = Z — prox, ¢().
Proof Since UTU = I;and P=1—-UUT, every x € R? admits a unique decomposition

x=x0+UZ+0p, FeR? perange(P),

and we write
z=x0+UZ+ p,, 2:=U"(z—xq), p::=P(z— ).

Since U Tug = 0, we have ug € range(P), and hence
<U0, T — JL'0> = <u07 Uz +p> = <U0,p>-
Using range(U) L range(P), we obtain
Iz — 2| = | — 2||* + llp — p:|I?,
and therefore
(@) + oo — 2l = F(2) — {uo, ) + o= 1F — 22 + o= llp — - P
)+ —|lz—z||* = f(&) — (u —||z -2 —|lp — .
U % 0;P % 2 P—Dz
Hence the minimization separates. Minimizing with respect to z, we get
T = prox. ¢(2),
while the minimizing p satisfies

1
7(p_pz —U():O,
S )

o
D = Pz + Yuo.

This proves that
prox. s, (2) = zo + U prox, ;(2) + p. + yuo.

Subtracting from z = xzg + UZ + p, gives
z —prox, s, (2) = U(Z — prox. ;(2)) — yuo.
Finally, since U Tug = 0, applying U " yields

U'(z— prox, f, (z)) = Z — prox, ;(2).
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Lemma 9 For every z € RY and every v > 0, assume that U ug = 0. Write
Z:= UT(27:C0)7 bz = P(foO)a
where P:=1—UUT. Then

prox,,, (2) = zo + U prox, ,(Z) + e (p= — yuo),
and TH v
z —prox,,, (z) = U(Z — prox ,(2)) + mpz + e Uo-

In particular,

U’ (z— prox.,, (z)) = Z — prox.,,(%).
Proof Again write

z=x9+Uzx+p, z=x9+UZ+ p,, D, p. € range(P).

Since U Tug = 0, we have ug € range(P), and therefore

(w0, — x0) = (uo, UZ + p) = (uo,p).
Using range(U) L range(P), we obtain

lz = 21* = [|& — Z[I* + [lp — p:|*-

Hence

1 1 1
gu(@) + oz = 2|* = g(Z) + (uo, p) + gllpll2 + ol 217+ 2 P —p:|*

2y
The minimization separates. Minimizing with respect to &, we get
T = prox. (%),
while the minimizing p satisfies

1
ug + pp + ;(p—pz)=0-

Equivalently,
(1+yw)p = p — Yo,
SO
" (p- )
= — yug).
p 1+ vu bz —7Uo
This proves that
- 1
prox,,, (2) = zo + U prox, ,(Z) + T (p= — yuo).
Subtracting from
z=x0+UZ+p,
gives
- - 1
z = prox, g, (z) = U(Z - pI‘OX.Yg(Z)) + Dz — 1T+ (p= — yuo)
- 5 TH v
=U(Z—prox.,(2)) + + Uug-
(2 — prox,,(2)) TPt T

Finally, since U ug =0 and U "p, = 0, applying U " yields

U'(z— prox,,, (z)) = Z — prox,,,(%).
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These identities allow us to match proximal evaluations in the lifted space with projected proximal
evaluations in the original space. We are now ready to carry out the resisting-oracle construction.

Lemma 10 Let N > 0 be a positive integer. Assume p > 0, d > d + 2N + 2, and let A be any
deterministic N-step prox-prox method with initial pair (zg,ug) € RY x RY. Let

f:RY 5 RU{co} and g¢:RY - RU{o0}

be such that f is closed, proper, and convexr and g is closed, proper, and p-strongly convex. Then there
exists a matrix
U e R xd

with orthonormal columns such that U ug = 0, and if

2N—-1

A((zo,u0), (fr,9v)) = {{(2,05,7) },_, > 2N},
and we define the projected iterates
ii = UT(Zi—JJ()), i‘N = UT(LL'N—.”L'O),

then the sequence
- 2N-1 .
{{(Ziadia’yi)}i:o y TN
is prox-prox zero-respecting with respect to (f,g).
Proof Let eg,...,eq_1 be the standard basis of R%. First, we recursively construct
IO gIl c--- gIZN - {077d_1}7
an orthonormal family {v;};cr,x € R?, and a method trajectory

(20,60,70,Y0)5 - - - » (Zan—1, 02N -1, V2N -1, Y2N—1)5

where y; € R? is intended to be the output of the i-th prox call.
We begin with
IO =J.

Next, fix i € {0,...,2N — 1}, and suppose that I;, the vectors {v;},cr,, and the previous trajectory

(20,00,70,Y0)5 - - +» (Zi-1,0i—1, Vi1, Yi—1)
have already been constructed. Since A is deterministic, the trajectory determines the next query triple
(Zi, (Si, ’}/i). Define

_ d
Z; = E <’Uj,2’i — l‘0>6j € R,
JEL

so that supp(z;) C I;. Next define

and the corresponding residual

Set B
Iiv1 == I; Usupp(d;).
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Since 7; = % — d;, we also have
supp (%) € Liy1.
We now choose the new vectors
{vitjen 5

as an orthonormal family in S;-, where

S; = span({uo, 20 — Ty ..., 2i — ot U {%‘}jeh)-

This is possible because
dim S; < (i +2) + | L],

hence
Now define
qi := (2; — o) — Z<Uj,2i — Z0)vj,
JEIL;
and y; € RY by
To + Z (¥i)j vi + ¢ + viuo, 6; =0,
yi = JE€Lit1 )
i
T + Z (¥i)jvj + ———— (¢ —vivo), ;=1
1L L+ip
J€Lita
This completes the recursive construction for ¢ =0,...,2N — 1. Since A is deterministic, this transcript

uniquely determines the final output znx € R<". Then choose the orthonormal vectors indexed by j ¢ Ian
in the orthonormal complement of

SQN+1 = span({uo, Z0 — TQy---3R2N—-1 — Lo, TN — 1‘0} U {Uj}jEIQN)'
This is possible because
dim Sony1 < (2N +2) + |Lan],
SO
dim Sy > d — (2N +2) — |Ly| > d — |Ly].

Now set )
U :=[vo] - vg_1] € RE X4, P=1-UU".

By construction, each column of U is orthogonal to ug, and therefore U Tuy = 0.

For the next step, we claim that if A is run on (fy,gy), then after ¢ oracle calls its trajectory is
exactly

(ZOa 507'-)/07y0)’ EERE (Zi—la §i—157i—17yi—1)7 1= 07 RN 2N7

and consequently, its final output is z. We prove this by induction on 4. For i = 0, we only have the
initial state (zg,up) and empty transcript, so the claim is immediate. Now assume the claim holds for
some i € {0,...,2N — 1}. Then A run on (fy,gy) has seen exactly the same trajectory

(20,00,705%0)5 - - - (Zim1, 051, Vi1, Yi—1)

as in the recursive construction. Hence, its next query is exactly (z;, d;,v:).
Now for every j ¢ I;, the vector v; is orthogonal to z; — g, so (v, z; — xo) = 0. Therefore,

U (2 — o) = Z, P(z — x0) = ¢;-
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Now we apply Lemma 8 and Lemma 9. If §; = 0, then

prox. s, (z;) =x0+ Uprox%_f(UT(zi — xo)) + P(z; — o) + yiug
= zo + U prox,, ;(z;) + ¢; + Yiuo-

Since g; = prox,, ;(z;) and supp(g;) € I; 41, this gives

prox. s (zi) = @0 + Z (Ui)j vj + @ + vivo = i

JELit1
If 51 = 1, then
1
Prox,, g, (z;) =20+ Uproqu(UT(zi — xo)) + (P(zi —Zg) — %uo)
' ' L+ yip
= U Zi i — Yilo)-
o + U prox,,(z;) + 1+,W(q Yitio)
Since y; = prox,,,(2;) and supp(y;) C li11, this gives
1
prox, . (=) =0+ Y (7i); ——— (i — viuo) = ¥s-

j€lit1 1"‘71

Thus the true ¢-th oracle output is exactly y;, which proves the induction step. Hence the actual
run of A on (fy,gy) has exactly the recursively constructed 2/N-step transcript. Since the final output
depends only on this trajectory, the final output is exactly =y .

We now verify the zero-respecting property. For each i = 0,...,2N — 1, define

. Z; —prox,, ;(%;), 6; =0,
Zi — prox., (%), di=1.
Since y; = prox,, s, (2;) when ¢; = 0 and y; = prox., (2;) when §; = 1, Lemma 8 and Lemma 9 give
di =U" (2 — wi).
Next, we show that
U (yi — z0) = .
If 6; = 0, then by construction,

Yi = o + Z (%) vj + @i + Yio.
j€lita
Multiplying by U, and using U "¢; = 0 and U "ug = 0, we obtain
U (y; — x0) = Us.
If 6; = 1, then
= To + Z Yi)j T +1%,U(Ql = Yito),

JELiv1

and again U"¢q; = 0 and U "ug = 0 imply

UT(yz‘ — o) = Y-
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Since also
T _
U' (2 — xo) = %,

we conclude that
di = (]T(ZZ — yz) = UT(Zl - QC()) - UT(yl - 1’0) = ZZ- — ;177, = d_z

Because Iy = @ and B 3
Iiy1 = I; Usupp(d;) = I; Usupp(d;),

it follows by induction that
i—1
I, = LJsupp(cik)7 1=0,...,2N.
k=0
Moreover,

1—1
supp(%;) = supp(%) € I = | J supp(di),  i=0,...,2N - 1.
k=0

Finally, for every j ¢ Ion we have v; € Sj‘N+1 and y — xg € San1, SO

(vj,xn —x0) = 0.

Therefore
2N-1 .
supp(Zy) = supp(U " (z — x0)) € Iov = | supp(dy).
k=0
Hence
2N-1 .
supp(in) € | supp(di),
k=0
which is exactly the prox-prox zero-respecting property. a

Combining the resisting-oracle lemma with the zero-respecting property, we obtain the desired lower
bound for arbitrary deterministic prox-prox methods.

Proof By Theorem 2 with initial pair (0, 0), there exist a closed, proper, and convex function f cR2NFZ
R U {co} and a closed, proper, and p-strongly convex function §: R2V+2 — R U {co} with

i, cargmin(f +§), @ € 9§(iy), —iiy € Of (y).
Since d > 4N +4 = (2N +2) + (2N + 2), by Lemma 10 there exists a matrix

Ue Rdx (2N+2)

with orthonormal columns such that U Tug = 0, and if

2N—-1

A ((wo,u0), (fu.dv)) = H{Gi o)}y an)s

and we define
% :=U" (2 — o), En:=U"(zn — z0),

then the projected sequence

{{G, 51',%‘)}350_17 In}
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is prox-prox zero-respecting with respect to ( f ,§). Therefore, by Theorem 2 and Lemma 5,

=~ |12 ~ 112

L + ||t ]|
sl |
e S B w7

Now define

and
Ty =z + Uy, Uy = Ug + Utly.

We first show that x, € argmin(f + g). Every z € R? can be written uniquely as
z=2x0+Uy+p, y € R2VT2 . p ¢ range(P),

where P := I — UU". By definition of f and gy, we have

F(2) = f(y) = (uo, Uy +p),
and
9(2) = §(y) + (o, Uy +p) + £ Ipl*
Hence
(f +9)(2) = F) +3) + Sl

This is minimized exactly when

y € argmin(f +g) and p=0.

Thus
z, = o+ UZ, € argmin(f + g).

Next we show that u, € dg(z,) and —uy € df(z4). By definition,

9(@) = §(U” (@ — 20)) + (up. @ — 20) + 5| P& — x0)|*

Hence
9g(z) = U g(U" (x — wo)) + uo + pP(x — z9).
Since
Ty = X0 + ULTC*,
we have
UT(Z‘* — o) = Ty, P(xy —xo) =0.
Therefore

0g(xy) = U 0g(Z4) + uo.
Since 1y € 0g(Z4), we conclude that
Uy = ug + Uiy € Og(xy).

Similarly, ~
fz) = f(UT(x - xo)) — (ug, & — xg).

So, y
Of(x) =Udf (U (x — x0)) — uo,
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and

df (z,) = UdS(Z,) — uo.
Thus, we conclude that —u, = —ug — Ut € Of(x,). Putting altogether, we have

lwo — zul* = [|UZ.|* = [|Z.]1%,
and
luo = well? = UG |* = [la.].
Thus
[z = @|? + lluo — well? = 12417 + @ >
Finally,

TN — Ty =N — X9 — UZy :U({fN —{i*)—l-P(l‘N —33‘0)7
and the two terms on the right-hand side are orthogonal. Hence

lon = 2ul” = |25 = &]* + | Plon — zo)lI* > |2n — 2%

Combining with (6) yields
2o — 24”4 Jluo — ua|?
1+ 4N2%2 + 4Nu

4 Numerical Results

We compare FDR, with FISTA, Douglas—Rachford splitting (DRS), accelerated Chambolle—Pock (CP),
and accelerated Davis—Yin splitting (DYS) on a family of elastic-net regression problems. Each instance
has the form

minimize ||Az — b||2 + Z||z|2 + Al .
z 2 ——
/()

=g(x)

We randomly generated 100 instances with A € R9%100 and b € R4 being computed as Az e + €,
where € is drawn from a Gaussian with standard deviation 0.01, and zy.ye is generated randomly with
only 10% of elements being nonzero. We use u = A = 1073.

Since the guarantee on FDR’s squared distance to the solution is on the final iterate, x, the FDR
curve in Figure 1 reports the terminal error ||z — z4||? obtained by running FDR for N = k iterations.
The solid curves are the median of each algorithm’s performance, and the shaded region shows the
interquartile range for each on the 100 instances.

Figure 1 shows that FDR eventually achieves the smallest error among the tested methods. The
observed FDR errors also remain below the theoretical bound, which is valid, but we see these errors are
much smaller than the theoretical upper bound on these random elastic-net instances.
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Fig. 1 Median squared distance to the solution over 100 elastic-net instances. Shaded bands show the interquartile range.

5 Conclusion

In this work, we presented Fast Douglas—Rachford Splitting (FDR), an accelerated Douglas—Rachford-
type method for minimizing the sum of a convex and a p-strongly convex function. We established the
guarantee

2o — @]l + [luo — u®

1+ 4N2p2 ’

lon — z.l” <

which improves upon the leading asymptotic constant of the accelerated methods of Chambolle-Pock
and Davis—Yin by a factor of 4. We further established a complexity lower bound showing that both the
O(1/N?) convergence rate and the leading-order constant achieved by FDR are optimal.

It is worth noting that the acceleration mechanism and the lower-bound construction are fundamen-
tally different than those of Nesterov acceleration. In this sense, the accelerated methods of Chambolle—
Pock, Davis—Yin, and FDR should be viewed as belonging to a class of acceleration mechanism distinct
from the Nesterov-type acceleration. Developing a more principled understanding of the different classes
of acceleration mechanisms is an interesting direction for future work.

Finally, while our lower bound asymptotically matches the upper bound in the leading-order term,
a gap remains in the higher-order terms. Since FDR was discovered through BnB-PEP [5], a framework
for discovering optimal first-order algorithms, we conjecture that the upper bound achieved by FDR is
in fact exactly optimal, implying that the current lower bound is likely loose. We leave the task of fully
tightening the lower bound to future work.
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Appendix A Leading constants for accelerated splitting methods

In this appendix we provide the asymptotic leading constants of the accelerated Davis—Yin splitting
algorithm and the accelerated Chambolle—Pock algorithm when specialized to (P).

A.1 Accelerated Davis—Yin Splitting
From Proposition A.1 in [6], the iterates of Algorithm (DYS) satisfy
(L + 29 [@nr — 2l s — wal® < o — 2l + 7 llun — ua®.

Furthermore, in the proof of Theorem 1.2 in Appendix A of [6], we see that the proximal step sizes
satisfy

1 14 2y%pu
Vit e
and
lim (k + 1) !
im = —.
k—o0 Tk M

After N proximal evaluations of g we obtain

1
len—1 — @l <23 (vgnxo P o - u*n?)
0

2
TN—

= 7];2 = (o — 2l + 78 lluo — uall?).-
0

Setting 72 = 1 to match our assumed initial condition yields the asymptotic rate

0 — @[ + [luo — ua|?
NQ,uQ ’

lon—1 — @] ~

A.2 Accelerated Chambolle—Pock

The convergence rate of the accelerated Chambolle-Pock algorithm is given in [4, Theorem 2], assuming
oo = 1/79. For any e > 0, there exists Ny such that for all N > Ny,

Lte (oo —2? | |luo — ud®
2
O e
1+e
= N2p2r2 (on —x*||2 +Tg||u0 _U*HQ)-
0

Setting 78 = 1 to match our assumed initial condition and taking ¢ — 0 yields

o — @e]|® + [luo — w||®
N2,u2 :

oy = @l ~
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A.3 Comparison with FDR

Recall that FDR satisfies

2o — @)l +lluo — well®  llwo — zull® + [Juo — wf?
1+ 4N2y2 AN2p2 '

lo — 2.* <

Thus FDR improves the asymptotic constant of both accelerated Davis—Yin splitting and accelerated
Chambolle-Pock by a factor of 4.
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